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HOM-QUANTUM GROUPS I: QUASI-TRIANGULAR HOM-BIALGEBRAS
DONALD YAU
Abstract. We introduce a Hom-type generalization of quantum groups, called quasi-triangular
Hom-bialgebras. They are non-associative and non-coassociative analogues of Drinfel’d’s quasi-
triangular bialgebras, in which the non-(co)associativity is controlled by a twisting map. A family
of quasi-triangular Hom-bialgebras can be constructed from any quasi-triangular bialgebra, such
as Drinfel’d’s quantum enveloping algebras. Each quasi-triangular Hom-bialgebra comes with a
solution of the quantum Hom-Yang-Baxter equation, which is a non-associative version of the
quantum Yang-Baxter equation. Solutions of the Hom-Yang-Baxter equation can be obtained
from modules of suitable quasi-triangular Hom-bialgebras.
1. Introduction
This paper is part of an on-going effort [63, 64, 65] to study twisted, Hom-type generalizations
of the various Yang-Baxter equations and related algebraic structures. A Hom-type generalization
of the Yang-Baxter equation [7, 8, 58], called the Hom-Yang-Baxter equation (HYBE), and its
relationships to the braid relations and braid group representations [3, 4] were studied in [63, 64].
Hom versions of the classical Yang-Baxter equation [54, 55] and Drinfel’d’s Lie bialgebras [11, 12]
were studied in [65].
Here we consider twisted, Hom-type generalizations of quantum groups and the quantum Yang-
Baxter equation (QYBE). The quantum groups being generalized in this paper are Drinfel’d’s
quasi-triangular bialgebras [12]. Our generalized quantum groups (the quasi-triangular Hom-
bialgebras in the title) are, in general, non-associative, non-coassociative, non-commutative, and
non-cocommutative. We also refer to these objects colloquially as Hom-quantum groups. As we will
describe below, suitable quasi-triangular Hom-bialgebras give rise to solutions of the HYBE.
Let us first recall the definition of a quasi-triangular bialgebra and its relationships to the various
Yang-Baxter equations. A quasi-triangular bialgebra (A,R) [12] consists of a bialgebra A and an
invertible element R ∈ A⊗2 such that the following three conditions are satisfied:
∆op(x)R = R∆(x),
(∆⊗ Id)(R) = R13R23, (Id⊗∆)(R) = R13R12.
(1.0.1)
Here ∆op = τ ◦∆ with τ the twist isomorphism, R12 = R⊗ 1, R23 = 1⊗R, and R13 = (τ ⊗ Id)R23.
The element R, called the quasi-triangular structure, satisfies the QYBE
R12R13R23 = R23R13R12. (1.0.2)
Examples of quasi-triangular bialgebras include Drinfel’d’s quantum enveloping algebra Uh(g) [12] of
a semi-simple Lie algebra or a Kac-Moody algebra g [28], the anyonic quantum groups [41], and the
quantum line [39], among many others. The QYBE and quasi-triangular bialgebras are motivated
by work on the quantum inverse scattering method [14, 15, 16, 17, 18, 54, 55] and exactly solved
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models in statistical mechanics [7, 8, 58]. Comprehensive expositions on quasi-triangular bialgebras
can be found, for example, in the books [10, 13, 29, 42].
Quasi-triangular bialgebras and the QYBE are related to the Yang-Baxter equation as follows.
Consider a module V over a quasi-triangular bialgebra (A,R) and the operator B : V ⊗2 → V ⊗2
defined as B(v⊗w) = τ(R(v⊗w)). As a consequence of the QYBE (1.0.2), the operator B satisfies
the Yang-Baxter equation (YBE) [7, 8, 58],
(B ⊗ Id)(Id⊗B)(B ⊗ Id) = (Id⊗B)(B ⊗ Id)(Id ⊗B). (1.0.3)
So one quasi-triangular bialgebra (A,R) gives rise to many solutions of the YBE via its modules. For
this reason, the quasi-triangular structure R is also known as the universal R-matrix. The reader
may consult [48] for discussion of different versions of the YBE and of their uses in physics.
Our generalizations of quantum groups and the QYBE (as well as the HYBE) are all motivated
by Hom-Lie algebras and other Hom-type algebras. Roughly speaking, a Hom-type structure arises
when one strategically replaces the identity map in the defining axioms of a classical structure by a
general twisting map α. A classical structure should be a particular example of a Hom-type structure
in which the twisting map is the identity map. In particular, a Hom-Lie algebra (L, [−,−], α) has
an anti-symmetric bracket [−,−] : L⊗2 → L that satisfies the Hom-Jacobi identity,
[[x, y], α(z)] + [[z, x], α(y)] + [[y, z], α(x)] = 0,
where α is an algebra self-map of the module L. Hom-Lie algebras were introduced in [22] to describe
the structures on some q-deformations of the Witt and the Virasoro algebras. Earlier precursors of
Hom-Lie algebras can be found in [24, 38]. Hom-Lie algebras are closely related to deformed vector
fields [2, 22, 34, 35, 36, 50, 53] and number theory [33].
One can similarly define a Hom-associative algebra [43], which satisfies the Hom-associativity
axiom (xy)α(z) = α(x)(yz) (Definition 2.2). So a Hom-associative algebra is not associative, but the
non-associativity is controlled by the twisting map α. One obtains a Hom-Lie algebra from a Hom-
associative algebra via the commutator bracket [43, Proposition 1.7]. Conversely, the enveloping
Hom-associative algebra of a Hom-Lie algebra is constructed in [59] and is studied further in [61].
Other papers concerning Hom-Lie algebras and related Hom-type structures are [5, 19, 20, 21, 27,
44, 45, 46, 59, 60, 62, 63, 64, 65].
We now describe the main results of this paper concerning Hom-type generalizations of quasi-
triangular bialgebras and the QYBE. Precise definitions, statements of results, and proofs are given
in later sections.
Following the patterns of Hom-Lie and Hom-associative algebras, one can define Hom-bialgebras
(Definition 2.2), which are non-associative and non-coassociative generalizations of bialgebras in
which the non-(co)associativity is controlled by the twisting map α. In section 2 we introduce
quasi-triangular Hom-bialgebras(Definition 2.7), generalizing Drinfel’d’s quasi-triangular bialgebras
by strategically replacing the identity map by a twisting map α in the defining axioms. We show
that a quasi-triangular Hom-bialgebra comes equipped with a solution R of the quantum Hom-Yang-
Baxter equation (QHYBE) (Theorem 2.10), which is a non-associative analogue of the QYBE. In
fact, due to the non-associative nature of a Hom-bialgebra, there are two different versions of the
QHYBE ((2.10.1) and (2.10.2)), both of which hold in a quasi-triangular Hom-bialgebra.
In section 3 we give two general procedures by which quasi-triangular Hom-bialgebras can be
constructed. First we show that every quasi-triangular bialgebra A can be twisted into a family
of quasi-triangular Hom-bialgebras Aα, where α runs through the bialgebra endomorphisms on A.
Here the twisting procedure is applied to the (co)multiplication in A (Theorem 3.1). On the other
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hand, if A is a quasi-triangular Hom-bialgebra with a surjective twisting map α, then we obtain a
sequence of quasi-triangular Hom-bialgebras by replacing R ∈ A⊗2 with (αn ⊗ αn)(R) for n ≥ 1
(Theorem 3.3). These twisting procedures yield lots of examples of quasi-triangular Hom-bialgebras.
As illustrations, we apply these twisting procedures to Majid’s anyon-generating quantum groups
[41] (Example 3.5), the quasi-triangular group bialgebra kG (Example 3.6) and function bialgebra
k(G) (Example 3.7) for finite abelian groups G, and Drinfel’d’s quantum enveloping algebras Uh(g)
(Examples 3.8 and 3.9) for semi-simple Lie algebras g. Since Uh(g) is non-commutative and non-
cocommutative, the quasi-triangular Hom-bialgebras obtained by twisting Uh(g) are simultaneously
non-(co)associative and non-(co)commutative.
The relationship between the QYBE (1.0.2) and the YBE (1.0.3) described above is generalized to
the Hom setting in section 4. We show that a module (suitably defined) over a quasi-triangular Hom-
bialgebra with α-invariantR has a canonical solution of the HYBE given by B = τ ◦R (Theorem 4.4).
This generalizes the solution of the YBE associated to a module over a quasi-triangular bialgebra,
as discussed above.
We illustrate the concept of modules over a quasi-triangular Hom-bialgebra with α-invariant R in
section 5. In particular, we consider the quasi-triangular Hom-bialgebra Uh(sl2)α (Example 3.9) and
a sequence of modules V˜n over it (Proposition 5.2). Here V˜n is topologically free of rank n+ 1 over
C[[h]]. We also write down explicitly the matrix representing the canonical solution of the HYBE
associated to V˜1 (Proposition 5.3).
In the next paper in this series, we will discuss another class of Hom-quantum groups,
called dual quasi-triangular (DQT) Hom-bialgebras, which are also non-(co)associative and non-
(co)commutative in general. These DQT Hom-bialgebras are Hom-type generalizations of dual
quasi-triangular bialgebras [23, 32, 40, 52]. In particular, they can accommodate Hom-type gener-
alizations of the FRT quantum groups [49], quantum matrices Mq(2), the quantum general linear
group GLq(2), and the quantum special linear group SLq(2). Applied to the Mq(2)-coaction on the
quantum plane, we obtain Hom-type, non-(co)associative analogues of quantum/non-commutative
geometry. DQT Hom-bialgebras are also equipped with solutions of a Hom version of the opera-
tor form of the QYBE. Solutions of the HYBE can be generated from comodules of suitable DQT
Hom-bialgebras.
2. Quasi-triangular Hom-bialgebras
In this section, we first recall the definition of a Hom-bialgebra (Definition 2.2). Then we define
quasi-triangular Hom-bialgebras (Definition 2.7) and establish the QHYBE (Theorem 2.10). Several
characterizations of the axioms of a quasi-triangular Hom-bialgebra are given at the end of this
section (Theorems 2.13 and 2.14). Concrete examples of quasi-triangular Hom-bialgebras are given
in the next section.
2.1. Conventions and notations. We work over a fixed commutative ring k of characteristic 0.
Modules, tensor products, and linear maps are all taken over k. If V and W are k-modules, then
τ : V ⊗W → W ⊗ V denotes the twist isomorphism, τ(v ⊗ w) = w ⊗ v. For a map φ : V →W and
v ∈ V , we sometimes write φ(v) as 〈φ, v〉. If k is a field and V is a k-vector space, then the linear
dual of V is V ∗ = Hom(V,k). From now on, whenever the linear dual V ∗ is in sight, we tacitly
assume that k is a characteristic 0 field.
Given a bilinear map µ : V ⊗2 → V and elements x, y ∈ V , we often write µ(x, y) as xy and put
in parentheses for longer products. For a map ∆: V → V ⊗2, we use Sweedler’s notation [57] for
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comultiplication: ∆(x) =
∑
(x) x1 ⊗ x2. To simplify the typography in computations, we often omit
the summation sign
∑
(x).
Definition 2.2. (1) A Hom-associative algebra [43] (A, µ, α) consists of a k-module A, a
bilinear map µ : A⊗2 → A (the multiplication), and a linear self-map α : A → A such that
(i) α ◦ µ = µ ◦ α⊗2 (multiplicativity) and (ii) µ ◦ (α⊗ µ) = µ ◦ (µ⊗ α) (Hom-associativity).
(2) A Hom-coassociative coalgebra [44, 46] (C,∆, α) consists of a k-module C, a linear
map ∆: C → C⊗2 (the comultiplication), and a linear self-map α : C → C such that (i)
α⊗2◦∆ = ∆◦α (comultiplicativity) and (ii) (α⊗∆)◦∆ = (∆⊗α)◦∆ (Hom-coassociativity).
(3) AHom-bialgebra [44, 61] is a quadruple (A, µ,∆, α) in which (A, µ, α) is a Hom-associative
algebra, (A,∆, α) is a Hom-coassociative coalgebra, and the following condition holds:
∆ ◦ µ = µ⊗2 ◦ (Id⊗ τ ⊗ Id) ◦∆⊗2. (2.2.1)
The compatibility condition (2.2.1) can be restated as ∆(xy) =
∑
(x)(y) x1y1 ⊗ x2y2.
We will refer to α as the twisting map. In a Hom-bialgebra, the (co)multiplication is not
(co)associative, but the non-(co)associativity is controlled by the twisting map α. In particular,
a bialgebra is a Hom-bialgebra when equipped with α = Id. More generally, any bialgebra can be
twisted into a Hom-bialgebra via a bialgebra morphism, as explained in the example below.
Example 2.3. (1) If (A, µ) is an associative algebra and α : A → A is an algebra morphism,
then Aα = (A, µα, α) is a Hom-associative algebra with the twisted multiplication µα = α◦µ
[60]. Indeed, the Hom-associativity axiom µα ◦ (α ⊗ µα) = µα ◦ (µα ⊗ α) is equal to α
2
applied to the associativity axiom of µ. Likewise, both sides of the multiplicativity axiom
α ◦ µα = µα ◦ α
⊗2 are equal to α2 ◦ µ.
(2) Dually, if (C,∆) is a coassociative coalgebra and α : C → C is a coalgebra morphism,
then Cα = (C,∆α, α) is a Hom-coassociative coalgebra with the twisted comultiplication
∆α = ∆ ◦ α.
(3) Combining the previous two cases, if (A, µ,∆) is a bialgebra and α : A → A is a bialgebra
morphism, then Aα = (A, µα,∆α, α) is a Hom-bialgebra. The compatibility condition (2.2.1)
for ∆α = ∆ ◦ α and µα = α ◦ µ is straightforward to check. 
It is clear that the axioms of a Hom-coassociative coalgebra are dual to those of a Hom-associative
algebra. The following examples have to do with this duality.
Example 2.4. (1) Let (C,∆, α) be a Hom-coassociative coalgebra and C∗ be the linear dual
of C. Then we have a Hom-associative algebra (C∗,∆∗, α∗), where
〈∆∗(φ, ψ), x〉 = 〈φ ⊗ ψ,∆(x)〉 and α∗(φ) = φ ◦ α (2.4.1)
for all φ, ψ ∈ C∗ and x ∈ C. This is checked in exactly the same way as for (co)associative
algebras [1, 2.1], as was done in [46, Corollary 4.12].
(2) Likewise, suppose that (A, µ, α) is a finite dimensional Hom-associative algebra. Then
(A∗, µ∗, α∗) is a Hom-coassociative coalgebra, where
〈µ∗(φ), x ⊗ y〉 = 〈φ, µ(x, y)〉 and α∗(φ) = φ ◦ α (2.4.2)
for all φ ∈ A∗ and x, y ∈ A [46, Corollary 4.12]. In what follows, whenever µ∗ : A∗ → A∗⊗A∗
is in sight, we tacitly assume that A is finite dimensional.
(3) Combining the previous two examples, suppose that (A, µ,∆, α) is a finite dimensional Hom-
bialgebra. Then so is (A∗,∆∗, µ∗, α∗), where ∆∗, µ∗, and α∗ are defined as in (2.4.1) and
(2.4.2). 
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To generalize quantum groups to the Hom setting, we need a suitably weakened notion of a
multiplicative identity for Hom-associative algebras.
Definition 2.5. (1) Let (A, µ, α) be a Hom-associative algebra. A weak unit [20] of A is an
element c ∈ A such that α(x) = cx = xc for all x ∈ A. In this case, we call (A, µ, α, c) a
weakly unital Hom-associative algebra.
(2) Let (A, µ, α, c) be a weakly unital Hom-associative algebra and R ∈ A⊗2. Define the follow-
ing elements in A⊗3:
R12 = R ⊗ c, R23 = c⊗R, R13 = (τ ⊗ Id)(R23). (2.5.1)
The elements in (2.5.1) are our Hom-type generalizations of the elements involved in the QYBE
(1.0.2) and in the definition of a quasi-triangular bialgebra.
Example 2.6 ([20] Example 2.2). If (A, µ, 1) is a unital associative algebra, then the Hom-
associative algebra Aα = (A, µα, α) (Example 2.3) has a weak unit c = 1. In fact, we have
µα(1, x) = α(µ(1, x)) = α(x) = α(µ(x, 1)) = µα(x, 1).
So (A, µα, α, 1) is a weakly unital Hom-associative algebra. 
We are now ready for the main definition of this paper, which gives a non-associative and non-
coassociative version of a quasi-triangular bialgebra.
Definition 2.7. A quasi-triangular Hom-bialgebra is a tuple (A, µ,∆, α, c, R) in which
(A, µ,∆, α) is a Hom-bialgebra, c is a weak unit of (A, µ, α), and R ∈ A⊗2 satisfies the follow-
ing three axioms:
(∆⊗ α)(R) = R13R23, (2.7.1a)
(α⊗∆)(R) = R13R12, (2.7.1b)
[(τ ◦∆)(x)]R = R∆(x) (2.7.1c)
for all x ∈ A. The elements R12, R13, and R23 are defined in (2.5.1).
Example 2.8. A quasi-triangular bialgebra (A,R) (1.0.1) in the sense of Drinfel’d [12] becomes
a quasi-triangular Hom-bialgebra when equipped with α = Id and c = 1. In a quasi-triangular
bialgebra, it is usually assumed that the quasi-triangular structure R is invertible. In that case, the
axiom (2.7.1c) can be restated as (τ ◦∆)(x) = R∆(x)R−1. However, in this paper, even when we
refer to a quasi-triangular bialgebra (e.g., in Theorem 3.1 and Corollary 3.4), we will not have to
use its counit or the invertibility of its quasi-triangular structure. See also Remark 3.2. 
Some remarks are in order.
Remark 2.9. (1) The multiplications in (2.7.1) are computed in each tensor factor using the
multiplication µ in A. They all make sense because there is no iterated multiplication.
(2) Since a weak unit c (Definition 2.5) is not actually a multiplicative identity, it does not make
much sense to talk about multiplicative inverse in a weakly unital Hom-associative algebra.
This is the reason for not insisting on R (in Definition 2.7) being invertible and for stating
(2.7.1c) without using R−1.
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(3) Write R =
∑
si ⊗ ti ∈ A
⊗2. From the definitions (2.5.1) of the Rij and the requirement
that c be a weak unit, the three axioms in (2.7.1) can be restated as:
(∆⊗ α)(R) =
∑
α(si)⊗ α(sj)⊗ titj , (2.9.1a)
(α⊗∆)(R) =
∑
sjsi ⊗ α(ti)⊗ α(tj), (2.9.1b)∑
x2si ⊗ x1ti =
∑
six1 ⊗ tix2, (2.9.1c)
where ∆(x) =
∑
x1 ⊗ x2.
A major reason for introducing quasi-triangular bialgebras (A,R) [12] is that the quasi-triangular
structure R satisfies the QYBE (1.0.2). As we mentioned in the introduction, the fact that R is
a solution of the QYBE leads to solutions of the YBE (1.0.3) in the representations of A. We
will generalize this relationship between the QYBE and the YBE to the Hom setting in section 4.
As a first step, we now show that the element R in a quasi-triangular Hom-bialgebra satisfies two
non-associative versions of the QYBE.
Theorem 2.10. Let (A, µ,∆, α, c, R) be a quasi-triangular Hom-bialgebra. Then R satisfies the
quantum Hom-Yang-Baxter equations (QHYBE)
(R12R13)R23 = R23(R13R12) (2.10.1)
and
R12(R13R23) = (R23R13)R12. (2.10.2)
Proof. First consider (2.10.1). Recall that R23 = c⊗R, and we have
R12R13 = (Id⊗ τ)(R13R12). (2.10.3)
We compute as follows:
(R12R13)R23 = [(Id⊗ τ)(R13R12)]R23 by (2.10.3)
= [(Id⊗ τ)(α ⊗∆)(R)]R23 by (2.7.1b)
= [(α⊗ (τ ◦∆))(R)](c⊗R)
= (c⊗R)[(α⊗∆)(R)] by (2.7.1c)
= R23(R13R12) by (2.7.1b).
This proves that R satisfies the QHYBE (2.10.1).
The other QHYBE (2.10.2) is proved by a similar computation. Since R12 = R⊗ c and
(τ ⊗ Id)(R13R23) = R23R13, (2.10.5)
we have:
R12(R13R23) = (R ⊗ c)[(∆⊗ α)(R)] by (2.7.1a)
= [((τ ◦∆)⊗ α)(R)](R ⊗ c) by (2.7.1c)
= [(τ ⊗ Id) ◦ (∆⊗ α)(R)]R12
= [(τ ⊗ Id)(R13R23)]R12 by (2.7.1a)
= (R23R13)R12 by (2.10.5).
This finishes the proof. 
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Remark 2.11. Let us make it clear that the two quantum Hom-Yang-Baxter equations (2.10.1)
and (2.10.2) are indeed different in general. Writing R =
∑
si ⊗ ti, the left-hand side in (2.10.1) is
(R12R13)R23 = (sjsi ⊗ tjc⊗ cti)(c⊗ sk ⊗ tk)
= (sjsi ⊗ α(tj)⊗ α(ti))(c ⊗ sk ⊗ tk)
= α(sjsi)⊗ α(tj)sk ⊗ α(ti)tk
= α(sj)α(si)⊗ α(tj)sk ⊗ α(ti)tk.
(2.11.1)
Likewise, the left-hand side in (2.10.2) is
R12(R13R23) = (sj ⊗ tj ⊗ c)(sic⊗ csk ⊗ titk)
= (sj ⊗ tj ⊗ c)(α(si)⊗ α(sk)⊗ titk)
= sjα(si)⊗ tjα(sk)⊗ α(titk)
= sjα(si)⊗ tjα(sk)⊗ α(ti)α(tk).
(2.11.2)
One observes that the last lines in (2.11.1) and in (2.11.2) are different. A similar computation for
R23(R13R12) and (R23R13)R12 shows that they are different as well.
Remark 2.12. On the other hand, suppose that R is α-invariant, i.e., α⊗2(R) =
∑
α(si)⊗α(ti) =
R. Then one can see from (2.11.1) and (2.11.2) (and a similar computation for R23(R13R12) and
(R23R13)R12) that the two quantum Hom-Yang-Baxter equations (2.10.1) and (2.10.2) coincide.
We finish this section with some alternative characterizations of the axioms (2.7.1a) and (2.7.1b)
of a quasi-triangular Hom-bialgebra. They generalize an observation in [12, p.812 (5)]. Let
(A, µ,∆, α, c) be a Hom-bialgebra with a weak unit c, R ∈ A⊗2 be an arbitrary element, and
A∗ be the linear dual of A. Define four linear maps λ1, λ
′
1, λ2, λ
′
2 : A
∗ → A by setting
λ1(φ) = 〈φ⊗ α,R〉, λ
′
1(φ) = 〈α
∗(φ) ⊗ Id,R〉,
λ2(φ) = 〈α⊗ φ,R〉, λ
′
2(φ) = 〈Id⊗ α
∗(φ), R〉
(2.12.1)
for φ ∈ A∗.
In the following characterizations of the axioms (2.7.1a) and (2.7.1b), we use the operations
∆∗ : A∗ ⊗ A∗ → A∗ (2.4.1) and µ∗ : A∗ → A∗ ⊗A∗ (2.4.2) (when A is finite dimensional) discussed
in Example 2.4 above.
Theorem 2.13. Let (A, µ,∆, α, c) be a Hom-bialgebra with a weak unit c and R ∈ A⊗2 be an
arbitrary element. With the notations (2.12.1), the following statements are equivalent.
(1) The axiom (2.7.1a) holds, i.e., (∆⊗ α)(R) = R13R23.
(2) The diagram
A∗ ⊗A∗
λ′
1
⊗λ′
1
//
∆∗

A⊗A
µ

A∗
λ1
// A
(2.13.1)
is commutative.
If A is finite dimensional, then the two statements above are also equivalent to the commutativity of
the diagram
A∗
λ′
2
//
µ∗

A
∆

A∗ ⊗A∗
λ2⊗λ2
// A⊗A.
(2.13.2)
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Proof. First we show the equivalence between the axiom (2.7.1a) and the commutativity of the
square (2.13.1). Write R =
∑
si ⊗ ti. Axiom (2.7.1a) holds if and only if
〈φ⊗ ψ ⊗ Id, (∆⊗ α)(R)〉 = 〈φ ⊗ ψ ⊗ Id,R13R23〉 (2.13.3)
for all φ, ψ ∈ A∗. The left-hand side in (2.13.3) is:
〈φ⊗ ψ ⊗ Id, (∆⊗ α)(R)〉 = 〈φ⊗ ψ,∆(si)〉α(ti)
= 〈∆∗(φ, ψ), si〉α(ti)
= 〈∆∗(φ, ψ) ⊗ α, si ⊗ ti〉
= λ1(∆
∗(φ, ψ)).
On the other hand, we have R13R23 =
∑
α(si) ⊗ α(sj) ⊗ titj (2.9.1a). So the right-hand side in
(2.13.3) is:
〈φ⊗ ψ ⊗ Id,R13R23〉 = 〈φ⊗ ψ ⊗ Id, α(si)⊗ α(sj)⊗ titj〉
= 〈φ, α(si)〉〈ψ, α(sj)〉titj
= (〈α∗(φ), si〉ti) (〈α
∗(ψ), sj〉tj)
= (〈α∗(φ) ⊗ Id, si ⊗ ti〉) (〈α
∗(ψ)⊗ Id, sj ⊗ tj〉)
= µ(λ′1(φ), λ
′
1(ψ)).
Therefore, the condition (2.13.3) holds for all φ, ψ ∈ A∗ if and only if the square (2.13.1) is commu-
tative.
Next we show the equivalence between the axiom (2.7.1a) and the commutativity of the square
(2.13.2) when A is finite dimensional. The finite dimensionality of A ensures that µ∗ is well-defined.
Axiom (2.7.1a) holds if and only if
〈Id⊗ Id⊗ φ, (∆⊗ α)(R)〉 = 〈Id⊗ Id⊗ φ,R13R23〉 (2.13.6)
for all φ ∈ A∗. The left-hand side in (2.13.6) is:
〈Id⊗ Id⊗ φ, (∆⊗ α)(R)〉 = ∆(si)〈φ, α(ti)〉
= ∆(si〈α
∗(φ), ti〉)
= ∆(〈Id⊗ α∗(φ), si ⊗ ti〉
= ∆(λ′2(φ)).
Below we write µ∗(φ) =
∑
φ1 ⊗ φ2. The right-hand side in (2.13.6) is:
〈Id⊗ Id⊗ φ,R13R23〉 = 〈Id⊗ Id⊗ φ, α(si)⊗ α(sj)⊗ titj〉
= α(si)⊗ α(sj)〈µ
∗(φ), ti ⊗ tj〉
= α(si)〈φ1, ti〉 ⊗ α(sj)〈φ2, tj〉
= 〈α⊗ φ1, si ⊗ ti〉 ⊗ 〈α⊗ φ2, sj ⊗ tj〉
= λ⊗22 (µ
∗(φ)).
Therefore, the condition (2.13.6) holds for all φ ∈ A∗ if and only if the square (2.13.2) is commutative.

The following result is the analogue of Theorem 2.13 for the axiom (2.7.1b).
Theorem 2.14. Let (A, µ,∆, α, c) be a Hom-bialgebra with a weak unit c and R ∈ A⊗2 be an
arbitrary element. With the notations (2.12.1), the following statements are equivalent.
(1) The axiom (2.7.1b) holds, i.e., (α⊗∆)(R) = R13R12.
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(2) The diagram
A∗ ⊗A∗
λ′
2
⊗λ′
2
//
∆∗

A⊗A
µop

A∗
λ2
// A
(2.14.1)
is commutative, where µop = µ ◦ τ .
If A is finite dimensional, then the two statements above are also equivalent to the commutativity of
the diagram
A∗
λ′
1
//
µ∗op

A
∆

A∗ ⊗A∗
λ1⊗λ1
// A⊗A,
(2.14.2)
where µ∗op = τ ◦ µ∗.
Proof. This proof is completely analogous to that of Theorem 2.13, so we only give a sketch. The
axiom (2.7.1b) is equivalent to the equality
〈Id⊗ φ⊗ ψ, (α⊗∆)(R)〉 = 〈Id⊗ φ⊗ ψ,R13R12〉
for all φ, ψ ∈ A∗. Some calculation shows that this equality is in turn equivalent to the commutativity
of the square (2.14.1). To show the equivalence between (2.7.1b) and the commutativity of the square
(2.14.2), one uses φ⊗ Id⊗ Id instead of Id⊗ φ⊗ ψ. 
In the special case α = Id, we have λ1 = λ
′
1 and λ2 = λ
′
2. So in this case, the commutative
diagrams (2.13.1), (2.13.2), (2.14.1), and (2.14.2) mean, respectively, that λ1 is an algebra morphism,
that λ2 is a coalgebra morphism, that λ2 is an algebra anti-morphism, and that λ1 is a coalgebra
anti-morphism.
3. Examples of quasi-triangular Hom-bialgebras
Before we discuss the relationships between the QHYBE ((2.10.1) and (2.10.2)) and the Hom
version of the YBE, in this section we describe several classes of quasi-triangular Hom-bialgebras
(Examples 3.5 - 3.9).
We begin with some general twisting procedures by which quasi-triangular Hom-bialgebras
can be constructed (Theorem 3.1 - Corollary 3.4). The first twisting procedure, applied to the
(co)multiplication, produces a family of quasi-triangular Hom-bialgebras from any given quasi-
triangular bialgebra. Recall the definitions of a quasi-triangular Hom-bialgebra (Definition 2.7)
and of a quasi-triangular bialgebra (in the paragraph containing (1.0.2)).
Theorem 3.1. Let (A, µ,∆, R) be a quasi-triangular bialgebra and α : A → A be a bialgebra mor-
phism (not-necessarily preserving 1). Then
Aα = (A, µα,∆α, α, 1, R)
is a quasi-triangular Hom-bialgebra, in which µα = α ◦ µ and ∆α = ∆ ◦ α.
Proof. As noted in Examples 2.3 and 2.6, (A, µα,∆α, α, 1) is a Hom-bialgebra with a weak unit
c = 1. It remains to verify the three axioms (2.7.1) for Aα.
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For (2.7.1a) note that, since R =
∑
si ⊗ ti is a quasi-triangular structure (1.0.1), we have
(∆⊗ Id)(R) = R13R23 =
∑
si ⊗ sj ⊗ titj ,
where titj = µ(ti, tj). Also, we have ∆α = α
⊗2 ◦∆ because α is a bialgebra morphism. Therefore,
we have
(∆α ⊗ α)(R) = ((α
⊗2 ◦∆)⊗ α)(R)
= α⊗3(∆⊗ Id)(R)
= α⊗3 (si ⊗ sj ⊗ titj)
= α(si)⊗ α(sj)⊗ µα(ti, tj).
This proves (2.7.1a) (in the alternative formulation (2.9.1a)) for Aα. Similarly, for (2.7.1b) we use
(Id⊗∆)(R) = R13R12 =
∑
sjsi ⊗ ti ⊗ tj .
This gives
(α⊗∆α)(R) = (α⊗ (α
⊗2 ◦∆))(R)
= α⊗3 (Id⊗∆) (R)
= α⊗3 (sjsi ⊗ ti ⊗ tj)
= µα(sj , si)⊗ α(ti)⊗ α(tj).
This proves (2.7.1b) (in the alternative formulation (2.9.1b)) for Aα.
For (2.7.1c) note that we have ((τ ◦∆)(y))R = R∆(y) (1.0.1) for y ∈ A, i.e.,∑
y2si ⊗ y1ti =
∑
siy1 ⊗ tiy2,
where ∆(y) =
∑
y1 ⊗ y2. We use it below when y = α(x) for x ∈ A. We have
µα((τ ◦∆α)(x), R) = µα(α(x)2 ⊗ α(x)1, si ⊗ ti)
= α (α(x)2si)⊗ α (α(x)1ti)
= α (siα(x)1)⊗ α (tiα(x)2)
= µα(R,∆α(x)).
This proves (2.7.1c) for Aα. 
Remark 3.2. In the proof of Theorem 3.1, we did not use the invertibility of R. So Theorem 3.1
is still true even if R is not invertible. The same goes for Corollary 3.4 below.
The second twisting procedure, applied to the element R, produces a family of quasi-triangular
Hom-bialgebras from any given quasi-triangular Hom-bialgebra with a surjective twisting map.
Theorem 3.3. Let (A, µ,∆, α, c, R) be a quasi-triangular Hom-bialgebra with α surjective and n be
a positive integer. Then
A(n) = (A, µ,∆, α, c, Rα
n
)
is also a quasi-triangular Hom-bialgebra, where Rα
n
= (αn ⊗ αn)(R).
Proof. By induction it suffices to prove the case n = 1. We need to check the three axioms (2.7.1)
for Rα = (α ⊗ α)(R) =
∑
α(si) ⊗ α(ti), where R =
∑
si ⊗ ti. Using the assumption that α is
(co)multiplicative and that c is a weak unit, we compute as follows:
(∆⊗ α)(Rα) = (∆⊗ α)(α ⊗ α)(R)
= α⊗3((∆ ⊗ α)(R))
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= α⊗3(α(si)⊗ α(sj)⊗ titj) by (2.9.1a)
= α2(si)⊗ α
2(sj)⊗ α(titj)
= α(si)c⊗ cα(sj)⊗ α(ti)α(tj)
= (α(si)⊗ c⊗ α(ti))(c⊗ α(sj)⊗ α(tj))
= Rα13R
α
23.
This proves (2.7.1a) for Rα. The axiom (2.7.1b) for Rα is proved similarly. Notice that we have not
used the surjectivity assumption of α so far.
To prove (2.7.1c) for Rα, pick an element x ∈ A. Since α is assumed to be surjective, we have
x = α(y) for some (not-necessarily unique) element y ∈ A. By the comultiplicativity of α, we have
∆(x) =
∑
x1 ⊗ x2 =
∑
α(y)1 ⊗ α(y)2 =
∑
α(y1)⊗ α(y2) = α
⊗2(∆(y)).
Using the multiplicativity of α, we compute as follows:
[(τ ◦∆)(x)]Rα = α(y2)α(si)⊗ α(y1)α(ti)
= α⊗2(((τ ◦∆)(y))R)
= α⊗2(R∆(y)) by (2.7.1c)
= α(si)α(y1)⊗ α(ti)α(y2)
= α(si)x1 ⊗ α(ti)x2
= Rα∆(x).
This proves (2.7.1c) for Rα. 
The following result is an immediate consequence of Theorems 3.1 and 3.3.
Corollary 3.4. Let (A, µ,∆, R) be a quasi-triangular bialgebra, α : A→ A be a surjective bialgebra
morphism (not-necessarily preserving 1), and n be a positive integer. Then
A(n)α = (A, µα,∆α, α, 1, R
αn)
is a quasi-triangular Hom-bialgebra, where µα = α ◦ µ, ∆α = ∆ ◦ α, and R
αn = (αn ⊗ αn)(R).
We now give a series of examples of quasi-triangular Hom-bialgebras using Theorem 3.1 and
Corollary 3.4.
Example 3.5 (Anyon-generating Hom-quantum groups). Consider the group bialgebraCZ/n
over C generated by the cyclic group Z/n with generator g and relation gn = 1. Its comultiplication
is determined by
∆(g) = g ⊗ g, (3.5.1)
which is cocommutative. It becomes a quasi-triangular bialgebra when equipped with the non-trivial
quasi-triangular structure
R =
1
n
n−1∑
p,q=0
exp(−2piipq/n)gp ⊗ gq.
The quasi-triangular bialgebra (CZ/n,R) is called the anyon-generating quantum group ([41] and
[42, Example 2.1.6]) and is denoted by Z′/n. We can get bialgebra morphisms on CZ/n by extending
the group morphisms
αk : Z/n→ Z/n, αk(g) = g
k
for k ∈ {1, . . . , n− 1}. Moreover, αk is surjective if and only if k and n are relatively prime.
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By Theorem 3.1, for each k ∈ {1, . . . , n− 1} we have a quasi-triangular Hom-bialgebra
(Z′/n)αk = (CZ/n, µαk ,∆αk , αk, 1, R)
with twisted (co)multiplication. Here µαk = αk ◦ µ (with µ the multiplication in CZ/n) and ∆αk is
determined by ∆αk(g) = g
k ⊗ gk.
Suppose that k and n are relatively prime, so αk is surjective. By Corollary 3.4, for each integer
t ≥ 1 we have a quasi-triangular Hom-bialgebra
(Z′/n)
(t)
αk
= (CZ/n, µαk ,∆αk , αk, 1, R
αt),
where the twisted quasi-triangular structure is
Rα
t
= (αtk ⊗ α
t
k)(R) =
1
n
n−1∑
p,q=0
exp(−2piipq/n)gpk
t
⊗ gqk
t
.

Example 3.6 (Hom-quantum group bialgebras). This is a generalization of the previous ex-
ample. Let k be a characteristic 0 field, G be a finite abelian group, written multiplicatively with
identity e, and kG be its group bialgebra [1, p.58, Example 2.4]. Its comultiplication is determined
by (3.5.1) for g ∈ G. Since G is commutative, kG is both commutative and cocommutative.
Identify kG ⊗ kG with kH , where H = G × G. A (not-necessarily invertible) quasi-triangular
structure on the group bialgebra kG is equivalent to a function R : G×G→ k such that∑
xy=v
R(u, x)R(w, y) = δu,wR(u, v) and
∑
xy=u
R(x, v)R(y, w) = δv,wR(u, v) (3.6.1)
for all u, v, w ∈ G [42, Example 2.1.17], where δu,w denotes the Kronecker delta. In fact, writing
R =
∑
u,v∈GR(u, v)u⊗ v, the two conditions in (3.6.1) are equivalent to the axioms (∆⊗ Id)(R) =
R13R23 and (Id ⊗ ∆)(R) = R13R12 (1.0.1), respectively. The condition (τ ◦ ∆(x))(R) = R∆(x)
is automatic because kG is both commutative and cocommutative. Fix such a quasi-triangular
structure R for the rest of this example.
If α : G→ G is any group morphism, then it extends naturally to a bialgebra morphism on kG,
where α (
∑
u cuu) =
∑
u cuα(u). By Theorem 3.1 (and Remark 3.2) we have a quasi-triangular
Hom-bialgebra
kGα = (kG,µα = α ◦ µ,∆α = ∆ ◦ α, α, e, R),
where µ and ∆ are the multiplication and the comultiplication in kG, respectively.
Suppose, in addition, that α : G → G is a group automorphism. Then by Corollary 3.4 (and
Remark 3.2) we have a quasi-triangular Hom-bialgebra
kG(n)α = (kG,µα,∆α, α, e, R
αn)
for each n ≥ 1. We can make the twisted quasi-triangular structure Rα
n
= (αn ⊗ αn)(R) more
explicit as follows. Thinking of R as
∑
u,v R(u, v)u⊗ v, we have
α⊗2(R) =
∑
u,v
R(u, v)α(u)⊗ α(v) =
∑
u,v
R(α−1(u), α−1(v))u ⊗ v,
since α is invertible. Therefore, Rα
n
is equivalent to the function G×G→ k given by
Rα
n
(u, v) = R
(
(α−1)n(u), (α−1)n(v)
)
(3.6.2)
for u, v ∈ G. 
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Example 3.7 (Hom-quantum function bialgebras). This example is closely related to the
previous example. Let G be a finite abelian group, k be a characteristic 0 field, and k(G) be the
bialgebra of functions G→ k [1, p.58, Example 2.4]. Its multiplication µ is defined point-wise, i.e.,
〈µ(φ, ψ), u〉 = 〈φ, u〉〈ψ, u〉,
for u ∈ G and φ, ψ ∈ k(G). Its comultiplication ∆ is dual to the multiplication in G, i.e.,
〈∆(φ), (u, v)〉 = 〈φ, uv〉
for φ ∈ k(G) and u, v ∈ G. Since G is commutative, k(G) is both commutative and cocommutative.
A (not-necessarily invertible) quasi-triangular structure R on the function bialgebra k(G) is equiv-
alent to a function R : G×G→ k such that
R(uv, w) = R(u,w)R(v, w) and R(u, vw) = R(u,w)R(u, v) (3.7.1)
for all u, v, w ∈ G [42, Example 2.1.18]. In fact, the two conditions in (3.7.1) are equivalent to
the axioms (∆ ⊗ Id)(R) = R13R23 and (Id ⊗∆)(R) = R13R12 (1.0.1), respectively. The condition
(τ ◦∆(x))(R) = R∆(x) is automatic because k(G) is both commutative and cocommutative. Fix
such a quasi-triangular structure R for the rest of this example.
If α : G→ G is a group morphism, then it extends naturally to a bialgebra morphism α∗ : k(G)→
k(G) given by α∗(φ) = φ ◦ α. By Theorem 3.1 (and Remark 3.2) we have a quasi-triangular Hom-
bialgebra
k(G)α∗ = (k(G), µα∗ = α
∗ ◦ µ,∆α∗ = ∆ ◦ α
∗, α∗, e, R).
The twisted multiplication and comultiplication are given by
〈µα∗(φ, ψ), u〉 = 〈φ, α(u)〉〈ψ, α(u)〉 and 〈∆α∗(φ), (u, v)〉 = 〈φ, α(uv)〉.
If the group morphism α : G → G is invertible, then so is the induced bialgebra morphism
α∗ : k(G)→ k(G). By Corollary 3.4 (and Remark 3.2) we have a quasi-triangular Hom-bialgebra
k(G)
(n)
α∗ = (k(G), µα∗ ,∆α∗ , α
∗, e, Rα
n
)
for each n ≥ 1. As a function G×G→ k, the twisted quasi-triangular structure Rα
n
is given by
Rα
n
(u, v) = {((α∗)n ⊗ (α∗)n)(R)} (u, v) = R (αn(u), αn(v))
for u, v ∈ G. This is the function (3.6.2) with α and α−1 interchanged. 
Example 3.8 (Hom-quantum enveloping algebras). Let us first recall Drinfel’d’s quantum
enveloping algebra Uh(g) [12, section 13], using the notations in [42, section 3.3]. Another exposition
of Uh(g) is given in [29, XVII]. We refer the reader to [25, 26] for discussion of semi-simple Lie algebras
and to [6, 9, 47] for basics of topological algebras over the power series algebra C[[h]].
Let g be a finite dimensional complex semi-simple Lie algebra, A = (aij)1≤i,j≤n be its Cartan
matrix, {βi}1≤i≤n be a system of positive simple roots, and di = (βi, βi)/2 be its root lengths, where
(−,−) is the inverse of the Killing form. Define the q-symbols:
qi = e
hdi/2, [m]qi =
qmi − q
−m
i
qi − q
−1
i
,
[
m
r
]
qi
=
[m]qi !
[r]qi ![m− r]qi !
, (3.8.1)
where [r]qi ! = [r]qi [r − 1]qi · · · [1]qi and [0]qi ! = 1.
The quantum enveloping algebra Uh(g) is defined as the topological C[[h]]-algebra that is topo-
logically generated by the set {Hi, X±i}1≤i≤n of 3n generators with the following relations:
[Hi, Hj] = 0, [Hi, X±j ] = ±aijX±j, [X+i, X−j] = δij
qHii − q
−Hi
i
qi − q
−1
i
, (3.8.2)
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and if i 6= j,
1−aij∑
k=0
(−1)k
[
1− aij
k
]
qi
X
1−aij−k
±i X±jX
k
±i = 0. (3.8.3)
The comultiplication ∆ in Uh(g) is determined by
∆(Hi) = Hi ⊗ 1 + 1⊗Hi, ∆(X±i) = X±i ⊗ q
Hi/2
i + q
−Hi/2
i ⊗X±i (3.8.4)
for 1 ≤ i ≤ n. The bialgebra Uh(g) becomes a quasi-triangular bialgebra when equipped with the
quasi-triangular structure
R =
∑
a∈Nn
{
exph
[
1
2
t0 +
1
4
(Ha ⊗ 1− 1⊗Ha)
]}
Pa, (3.8.5)
where N is the set of non-negative integers, Ha =
∑n
i=1 aiHi for a = (a1, . . . , an) ∈ N
n, and
t0 =
∑
i,j(DA)
−1
ij Hi ⊗ Hj with D = diag(d1, . . . , dn) (i.e., the diagonal matrix with di as its ith
diagonal entry). The symbol Pa denotes a certain polynomial in the variables ui = X+i ⊗ 1 and
vi = 1⊗X−i that is homogeneous of degree ai in ui and vi, and P0 = 1⊗1. More information about
the quasi-triangular structure R (3.8.5) can be found in [30, 37, 42, 51].
We can get bialgebra morphisms on Uh(g) as follows. Let c = (c1, . . . , cn) ∈ C
n be any n-tuple
of complex numbers. Define Hc =
∑n
i=1 ciHi and the C[[h]]-linear map αc : Uh(g)→ Uh(g) by
αc(u) = e
hHcue−hHc (3.8.6)
for u ∈ Uh(g). Then αc is clearly an algebra automorphism. To see that αc is compatible with ∆,
first note that
αc(Hj) = Hj (3.8.7)
for all j because Hi commutes with Hj by the first relation in (3.8.2). So (3.8.4) implies that α
⊗2
c
◦∆
and ∆ ◦ αc coincide when applied to Hj . Also, we have
αc(X±j) = γ
±1
j X±j, (3.8.8)
where γj = exp(
∑n
i=1 ciaij), by the second relation in (3.8.2). (More precisely, we are using
echHiX±je
−chHi = e±caijX±j [29, p.408 (2.5)], which is a consequence of the second relation in
(3.8.2).) Since αc fixes q
±Hj/2
j = e
±hdjHj/4, we infer from (3.8.4) that
α⊗2
c
(∆(X±j)) = γ
±1
j ∆(X±j) = ∆(αc(X±j)).
Therefore, the map αc is a bialgebra automorphism on Uh(g). Alternatively, one can use (3.8.7)
and (3.8.8) as the definition of the map αc (on the generators). Then one checks directly that αc
preserves the relations (3.8.2) and (3.8.3) and is compatible with the comultiplication (3.8.4).
By Theorem 3.1 and Corollary 3.4, for each n-tuple c ∈ Cn and each integer t ≥ 0, we have a
quasi-triangular Hom-bialgebra
Uh(g)
(t)
α = (Uh(g), µα,∆α, α, 1, R
αt)
with α = αc (3.8.6). The twisted operations are given by
µα(u, v) = e
hHcuve−hHc,
∆α(Hj) = ∆(Hj), ∆α(X±j) = γ
±1
j ∆(X±j) = e
±
P
n
i=1 ciaij∆(X±j).
The twisted quasi-triangular structure Rα
t
is (αt ⊗ αt)(R), where α0 = Id. To make it more
explicit, note that α(Ha) = Ha and α
⊗2(t0) = t0 because each Hj is fixed by α (3.8.7). So the
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entire exponential term in R (3.8.5) is fixed by α⊗2. For the polynomial Pa, let us write it as
Pa(u1, . . . , un, v1, . . . , vn). Since
α⊗2(uj) = α(X+j)⊗ 1 = γj(X+j ⊗ 1) = γjuj
and similarly α⊗2(vj) = γ
−1
j vj , we have
(αt ⊗ αt)Pa(u1, . . . , un, v1, . . . , vn) = Pa(γ
t
1u1, . . . , γ
t
nun, γ
−t
1 v1, . . . , γ
−t
n vn).
Therefore, we have
Rα
t
=
∑
a∈Nn
{
exph
[
1
2
t0 +
1
4
(Ha ⊗ 1− 1⊗Ha)
]}
Pa(γ
t
1u1, . . . , γ
t
nun, γ
−t
1 v1, . . . , γ
−t
n vn),
where γ±tj = exp(±t
∑n
i=1 ciaij). 
Example 3.9 (Hom-quantum enveloping algebra of sl2). Let us examine the special case
g = sl2 of the previous example. The bialgebra Uh(sl2) was first studied in [31, 56], and its quasi-
triangular structure (3.9.1) was given in [12, p.816]. Using the notations of the previous example
with g = sl2, we have n = 1, a11 = 2, d1 = 1, and Uh(sl2) is the topological C[[h]]-algebra generated
by {H,X±} with relations (3.8.2), where q1 = q = e
h/2. The relations (3.8.3) are empty for g = sl2.
The quasi-triangular structure is
R =
∑
a≥0
(q − q−1)a
[a]q!
q−a(a+1)/2
{
exp
h
4
[H ⊗H + a(H ⊗ 1− 1⊗H)]
}
(Xa+ ⊗X
a
−). (3.9.1)
As in the previous example, given any complex number c, we have a bialgebra automorphism α =
αc : Uh(sl2)→ Uh(sl2) defined as
α(u) = echHue−chH (3.9.2)
for u ∈ Uh(sl2).
By Theorem 3.1 we have a quasi-triangular Hom-bialgebra
Uh(sl2)α = (Uh(sl2), µα,∆α, α, 1, R).
Moreover, R (3.9.1) is α-invariant, i.e., α⊗2(R) = R. This is an immediate consequence of α(H) = H
(3.8.7) and α(X±) = e
±2cX± (3.8.8). Quasi-triangular Hom-bialgebras with α-invariant R play a
major role in Theorem 4.4 below. We will revisit this example in section 5. 
4. Solutions of the HYBE from quasi-triangular Hom-bialgebras
In this section, we extend the relationship between the QYBE (1.0.2) and the YBE (1.0.3), as
discussed in the introduction, to the Hom setting. Let us first recall the Hom version of the YBE.
Definition 4.1 ([63]). Let V be a k-module and α : V → V be a linear map. The Hom-Yang-
Baxter equation (HYBE) is defined as
(α⊗B) ◦ (B ⊗ α) ◦ (α⊗B) = (B ⊗ α) ◦ (α⊗B) ◦ (B ⊗ α), (4.1.1)
where B : V ⊗2 → V ⊗2 is a bilinear map that commutes with α⊗2. In this case, we say that B is a
solution of the HYBE for (V, α).
The YBE (1.0.3) is the special case of the HYBE (4.1.1) in which α = Id.
As in the classical case, solutions of the HYBE are closely related to the braid relations and braid
group representations [3, 4]. Indeed, suppose that B : V ⊗2 → V ⊗2 is a solution of the HYBE for
(V, α). Then for n ≥ 3 and 1 ≤ i ≤ n− 1, the operators
Bi = α
⊗(i−1) ⊗B ⊗ α⊗(n−i−1) : V ⊗n → V ⊗n
16 DONALD YAU
satisfy the braid relations
BiBj = BjBi if |i− j| > 1 and BiBi+1Bi = Bi+1BiBi+1.
In particular, if α and B are both invertible, then so are the operators Bi. In this case, there is
a corresponding representation of the braid group on V ⊗n [63, Theorem 1.4]. Many examples of
solutions of the HYBE can be found in [63, 64].
We will show that every quasi-triangular Hom-bialgebra (in which R is fixed by α⊗2) gives rise
to many solutions of the HYBE via its modules. To make this precise, we need a suitable notion of
modules over a Hom-associative algebra.
Definition 4.2. (1) A Hom-module is a pair (V, α) consisting of a k-module V and a linear
map α.
(2) Let (A, µ, αA) be a Hom-associative algebra (Definition 2.2). By an A-module we mean a
Hom-module (M,αM ) together with a linear map λ : A⊗M →M such that
(ab)αM (x) = αA(a)(bx) and αM (ax) = αA(a)αM (x) (4.2.1)
for a, b ∈ A and x ∈M , where λ(a, x) is abbreviated to ax.
Note that a slightly different notion of a module over a Hom-associative algebra was defined in
[44]. The difference with Definition 4.2 is that in [44], the second condition in (4.2.1) is not required.
Example 4.3. (1) A Hom-associative algebra (A, µ, α) is an A-module with structure map λ =
µ. In this case, the axioms (4.2.1) are exactly the Hom-associativity and the multiplicativity
of α in A.
(2) Let (A, µ) be an associative algebra, M be an A-module (in the usual sense) with structure
map λ, αA : A → A be an algebra morphism, and αM : M → M be a linear map. Suppose
that αM ◦ λ = λ ◦ (αA ⊗ αM ). This is the case, for example, if αA = Id and αM is an
A-module morphism. Define the twisted action λα = αM ◦ λ. Then it is easy to check that
(M,αM ) becomes a module over the Hom-associative algebra Aα = (A, µα = αA ◦ µ, αA)
(Example 2.3) with structure map λα. 
In a quasi-triangular Hom-bialgebra (Definition 2.7), we say that the element R is α-invariant
if α⊗2(R) = R. Some examples of α-invariant R were given in Example 3.9. When R is α-invariant,
the two versions of the QHYBE ((2.10.1) and (2.10.2)) coincide, as was noted in Remark 2.12.
We can now describe the relationship between quasi-triangular Hom-bialgebras and the HYBE
(4.1.1).
Theorem 4.4. Let (A, µ,∆, α, c, R) be a quasi-triangular Hom-bialgebra in which R is α-invariant
and (M,αM ) be an A-module. Then the operator
B = τ ◦R : M⊗2 →M⊗2
is a solution of the HYBE for (M,αM ).
Proof. To simplify the typography, we will omit the subscripts in αA and αM . Write R =
∑
si⊗ ti.
Then the α-invariance of R means that∑
si ⊗ ti =
∑
α(si)⊗ α(ti). (4.4.1)
Recall that τ denotes the twist isomorphism. So the map B = τ ◦R is given by
B(v ⊗ w) =
∑
tiw ⊗ siv
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for v, w ∈M . That B commutes with α⊗2 follows from the α-invariance of R and the second axiom
in (4.2.1).
It remains to check that B = τ ◦ R satisfies the HYBE (4.1.1). Note that the α-invariance of R
(4.4.1) and the computation (2.11.1) imply that the QHYBE (2.10.1) now takes the form∑
sjsi ⊗ tjsk ⊗ titk = (R12R13)R23 = R23(R13R12) =
∑
sjsi ⊗ skti ⊗ tktj . (4.4.2)
Let x denote a typical generator u ⊗ v ⊗ w ∈ M⊗3. Using the α-invariance of R (4.4.1) and the
module axioms (4.2.1), a direct computation gives:
(B ⊗ α)(α ⊗B)(B ⊗ α)(x) = tk(tjα(w)) ⊗ skα(tiv)⊗ α(sj(siu))
= tk(tjα(w)) ⊗ sk(α(ti)α(v)) ⊗ α(sj)(α(si)α(u))
= α(tk)(tjα(w)) ⊗ α(sk)(tiα(v)) ⊗ α(sj)(siα(u))
= (tktj)α
2(w)⊗ (skti)α
2(v)⊗ (sjsi)α
2(u)
= (titk)α
2(w) ⊗ (tjsk)α
2(v)⊗ (sjsi)α
2(u) by (4.4.2)
= α(ti)(tkα(w)) ⊗ α(tj)(skα(v)) ⊗ α(sj)(siα(u))
= α(ti)(α(tk)α(w)) ⊗ tj(α(sk)α(v)) ⊗ sj(siα(u))
= α(ti(tkw)) ⊗ tjα(skv)⊗ sj(siα(u))
= (α⊗B)(B ⊗ α)(α ⊗B)(x).
This proves that B = τ ◦R is a solution of the HYBE for (M,αM ). 
Corollary 4.5. Let (A, µ,∆, R) be a quasi-triangular bialgebra, M be an A-module with structure
map λ, αA : A→ A be a bialgebra morphism such that α
⊗2
A (R) = R, and αM : M → M be a linear
map such that αM ◦ λ = λ ◦ (αA ⊗ αM ). Then the operator Bα : M
⊗2 →M⊗2 defined by
Bα(v ⊗ w) =
∑
αM (λ(ti, w))⊗ αM (λ(si, v)) (4.5.1)
for v, w ∈M , where R =
∑
si ⊗ ti, is a solution of the HYBE for (M,αM ).
Proof. By Theorem 3.1 Aα = (A, µα,∆α, α, 1, R) is a quasi-triangular Hom-bialgebra, and (M,αM )
is an Aα-module (Example 4.3) with structure map λα = αM ◦ λ. Therefore, Theorem 4.4 implies
that there is a solution of the HYBE for (M,αM ) of the form
Bα(v ⊗ w) =
∑
λα(ti, w)⊗ λα(si, v) =
∑
αM (λ(ti, w))⊗ αM (λ(si, v)),
as was to be shown. 
The following result is the special case of the previous Corollary with αA = Id.
Corollary 4.6. Let (A, µ,∆, R) be a quasi-triangular bialgebra, M be an A-module, and αM be an
A-module morphism. Then the operator Bα : M
⊗2 → M⊗2 defined in (4.5.1) is a solution of the
HYBE for (M,αM ).
5. Modules over Uh(sl2)α
In this section, we illustrate the results in the previous section with certain modules over the quasi-
triangular Hom-bialgebra Uh(sl2)α, which was discussed in Example 3.9. We use the same notations
as in Examples 3.8 and 3.9. In particular, Uh(sl2) is the topological C[[h]]-algebra generated by
{H,X±} with relations (3.8.2), where q1 = q = e
h/2, and its comultiplication is defined as in (3.8.4).
It becomes a quasi-triangular Hom-bialgebra when equipped with the quasi-triangular structure R
(3.9.1).
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Fix a complex number c, and let α : Uh(sl2)→ Uh(sl2) be the bialgebra automorphism defined by
α(H) = H and α(X±) = γ
±1X±, where γ = e
2c. Equivalently, α is the inner automorphism (3.9.2)
induced by echH . Then Uh(sl2)α is the quasi-triangular Hom-bialgebra obtained from Uh(sl2) by
twisting its (co)multiplication along α (Theorem 3.1). Moreover, the element R (3.9.1) is α-invariant,
i.e., (α⊗ α)(R) = R.
Fix a non-negative integer n. Let V˜n be the free C[[h]]-module with a basis {vi}0≤i≤n. Then V˜n
becomes a (topological) Uh(sl2)-module via the map ρ : Uh(sl2)⊗ V˜n → V˜n determined by
ρ(X+, vi) = [n+ 1− i]qvi−1, ρ(X−, vi) = [i+ 1]qvi+1, ρ(H, vi) = (n− 2i)vi (5.0.1)
for 0 ≤ i ≤ n. In (5.0.1) we set v−1 = 0 = vn+1, and [m]q is defined as in (3.8.1). See, for example,
[29, XVII.4] and [12, 31, 56]. We will apply Corollary 4.5 to the Uh(sl2)-module V˜n.
Consider the C[[h]]-linear automorphism α : V˜n → V˜n defined by
α(vi) = γ
−ivi (5.0.2)
for 0 ≤ i ≤ n.
Lemma 5.1. We have
α ◦ ρ = ρ ◦ (α⊗ α) (5.1.1)
as maps Uh(sl2)⊗ V˜n → V˜n.
Proof. It suffices to check (5.1.1) on the elements X± ⊗ vi and H ⊗ vi. When applied to H ⊗ vi,
both sides of (5.1.1) are equal to (n− 2i)γ−ivi. On the other hand, we have
α(ρ(X+, vi)) = α([n+ 1− i]qvi−1)
= [n+ 1− i]qγ
−i+1vi−1
= ρ(γX+, γ
−ivi)
= ρ(α(X+), α(vi)).
A similar computation shows that both sides of (5.1.1), when applied to X− ⊗ vi, are equal to
[i+ 1]qγ
−i−1vi+1. 
Proposition 5.2. The map ρα = α ◦ ρ (5.1.1) gives (V˜n, α) the structure of a Uh(sl2)α-module.
Proof. This is an immediate consequence of Lemma 5.1 and Example 4.3 (part (2)). 
Moreover, by Lemma 5.1 and Corollary 4.5, there is a solution of the HYBE for (V˜n, α) of the
form (4.5.1):
Bα = α
⊗2 ◦ τ ◦R : V˜ ⊗2n → V˜
⊗2
n , (5.2.1)
where R (3.9.1) acts on V˜ ⊗2n via the original Uh(sl2)-module structure ρ. Let us write down Bα
explicitly for the case V˜1.
Proposition 5.3. With respect to the basis {v0 ⊗ v0, v0 ⊗ v1, v1 ⊗ v0, v1 ⊗ v1} of V˜
⊗2
1 , the solution
Bα = α
⊗2 ◦ τ ◦R of the HYBE for (V˜1, α) is given by the matrix
Bα = q
− 1
2


q 0 0 0
0 0 γ−1 0
0 γ−1 γ−1(q − q−1) 0
0 0 0 qγ−2

, (5.3.1)
where q = eh/2.
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Proof. Let us first compute the action of R (3.9.1) on V˜ ⊗21 . It follows from the definition (5.0.1)
that, when n = 1, both Xa+ and X
a
− act trivially on V˜1 for a ≥ 2, and
Hvi = ρ(H, vi) = (−1)
ivi (5.3.2)
for i = 0, 1. Thus, only the first two terms in R (3.9.1) (corresponding to a = 0, 1) can act non-
trivially on V˜ ⊗21 . Since q = e
h/2, these two terms are
R′ = q
1
2
(H⊗H) + (1− q−2)q
1
2
(H⊗H+H⊗1−1⊗H)(X+ ⊗X−). (5.3.3)
Consider the action of the first term in R′. It follows from (5.3.2) that Hmv0 = v0 and H
mv1 =
(−1)mv1 for m ≥ 0. Thus, we have
q
1
2
(H⊗H) = e
h
4
(H⊗H) :


v0 ⊗ v0 7→ q
1
2 v0 ⊗ v0,
v0 ⊗ v1 7→ q
− 1
2 v0 ⊗ v1,
v1 ⊗ v0 7→ q
− 1
2 v1 ⊗ v0,
v1 ⊗ v1 7→ q
1
2 v1 ⊗ v1.
(5.3.4)
For the second term in R′, note that X+ ⊗ X− only acts non-trivially on v1 ⊗ v0 among the four
basis elements {vi ⊗ vj}0≤i,j≤1. We have
(X+ ⊗X−)(v1 ⊗ v0) = v0 ⊗ v1 (5.3.5)
and
q
1
2
(H⊗H+H⊗1−1⊗H) = e
h
4
(H⊗H+H⊗1−1⊗H) : v0 ⊗ v1 7→ q
1
2 v0 ⊗ v1. (5.3.6)
The result now follows from (5.0.2), (5.2.1), and (5.3.3) - (5.3.6). 
Regard γ = e2c as a parameter, where c runs through the complex numbers. The operators Bα
(5.3.1) thus form a 1-parameter family of deformations of
B = q−
1
2


q 0 0 0
0 0 1 0
0 1 q − q−1 0
0 0 0 q

,
which is a solution of the YBE (1.0.3) for V˜1.
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